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After Severi asserted with an incomplete proof that H d,g,r is irreducible for d ≥ g + r in [18] , the irreducibility of H d,g,r has been studied by several authors. Ein proved Severi's claim for r = 3 & r = 4; cf. [7, Theorem 4] and [8, Theorem 7] .
For families of curves of lower degrees in P 3 , there are several works due to many people. The most updated result is that any non-empty H d,g,3 is irreducible for every d ≥ g; cf. [ [16] .
For families of curves in P 4 of lower degree d ≤ g + 3, Hristo Iliev proved the irreducibility of H d,g,4 for d = g + 3, g ≥ 5 and d = g + 2, g ≥ 11; cf. [12] . Quite recently, there has been a minor extension of the result of Hristo Iliev regarding the irreducibility of H g+2,g,4 for low genus cases; i.e. H g+2,g, 4 The first and second named authors were supported in part by GNSAGA of INdAM and by PRIN 2017 "Moduli Theory and Birational Classification". The third named author was supported in part by National Research Foundation of South Korea (2017R1D1A1B031763).
is irreducible and generically reduced for any genus g as long as H g+2,g,4 is non-empty; cf. [ Reflecting such a slightly different point of view, the authors in [14] showed that every non-empty H Maintaining the same spirit and following the same line of ideas adopted in [14] , the purpose of this article is to extend the result obtained in [14] to the case r ≥ 5.
The organization of this paper is as follows. After we briefly mention and recall several basic preliminaries in the remainder of this section, we start the next section by proving the irreducibility of H L g+r,g,r and H L g+r−1,g,r which are relatively easy to verify. We then proceed to show the irreducibility of H L g+r−2,g,r for every possible triple (g + r − 2, g, r) as long as the corresponding Hilbert scheme of linearly normal curves H L g+r−2,g,r is non-empty; Theorem 2.3. In the last part of the next section we prove the irreducibility of H L g+r−3,g,r under the mild restriction g ≥ 2r + 3; Theorem 2.5. In the course of the proof we characterize the residual series with respect to the canonical series of the complete linear series corresponding to the linearly normal curves under consideration. We use the irreducibility of the Severi variety of plane curves in the final stage of the proof of Theorem 2.5; cf. [1] and [11] .
For notation and conventions, we usually follow those in [2] and [3] ; e.g. π(d, r) is the maximal possible arithmetic genus of an irreducible and non-degenerate curve of degree d in P r . Throughout we work over the field of complex numbers.
Before proceeding, we recall several related results which are rather wellknown; cf. [3] . Let M g be the moduli space of smooth curves of genus g. (
(3) G We recall that the family of plane curves of degree d in P 2 are naturally parametrised by the projective space
. Let Σ d,g ⊂ P N be the Severi variety of plane curves of degree d and geometric genus g. We also recall that a general point of Σ d,g corresponds to an irreducible plane curve of degree d having δ := 
Denoting by G ′ ⊂ G 
We will utilize the following upper bound of the dimension of an irreducible component of W r d , which was proved and used effectively in [12] . We also recall that any other possible component H of H d,g,r consists of curves in P r whose hyperplane series is special. In the case d = g + r, a curve which is embedded in P r by a special linear series is not linearly normal. Therefore it follows that the only component of H 
and hence
We let W ∨ ⊂ W 1 g−r be the locus consisting of the residual series (with respect to the canonical series on the corresponding curve) of those elements in W, i.e.
We also let W ∨ be the union of the components
Since a general element of any component
g−r is a complete pencil by our setting, there is a natural rational map W ∨ κ G 1 g−r with κ(|E|) = E which is clearly injective on an open subset W ∨o of W ∨ consisting of those which are complete pencils. Therefore the rational map κ is dominant by (2) . We also note that there is another natural rational map G 1 g−r ι W ∨ with ι(E) = |E|, which is an inverse to κ (wherever it is defined). Therefore it follows that W ∨ is birationally equivalent to the irreducible locus G 
there is a certain reducible curve C 0 ⊂ P r of degree d and (arithmetic) genus g such that h 1 (N C0 ) = 0 and C 0 is smoothable. We note that g = 2r (2r + 1 resp.) with d = g + r − 2 = 3r − 2 (3r − 1 resp.) is in the above range. Therefore a component H of H d,g,r containing the reducible curve C 0 exists which is of the expected dimension. Furthermore it can be shown that h 0 (C 0 , O C0 (1)) = r + 1 and hence by semi-continuity a general element of H is linearly normal so that H L g+r−2,g,r = ∅ which is irreducible by our Theorem 2.3. Proof. We also need to estimate the dimension of a component with ι(D) = |D|. We also let W ∨ ⊂ W 2 g−r+1 be the locus consisting of the residual series of elements in W, i.e.
(a) If a general element of W ∨ is compounded, then by Proposition 1.5(c),
implying g ≤ 2r + 2 contrary to our assumption g ≥ 2r + 3. Therefore we conclude that a general element of W ∨ is either very ample or birationally very ample. , a simple numerical calculation yields
contrary to the inequality (3); note that the above inequality is equivalent to 2r < e 2 − 5e + 4, which holds by our genus bound 2r ≤ g − 3 =
(e−1)(e−2) 2 − 3. Such a contradiction excludes the case (b).
(c) Therefore the moving part of a general element of W ∨ ⊂ W 2 g−r+1 is birationally very ample and we let b be the degree of the base locus B of a general element of W ∨ . By Proposition 1.5(b), we have
Retaining the same notation as in the proof of Theorem 2.3, let G L be the union of irreducible component G of G r g+r−3 whose general element corresponds to a pair (p, D) such that D is very ample and complete linear series on C := ξ −1 (p). Let W ∨ be the union of the components W ∨ of W 2 g−r+1 , where W ∨ consists of the residual series of elements in G ⊂G L . We also let G ′ be the union of irreducible components of G 2 g−r+1 whose general element is a birationally very ample and base-point-free linear series. We recall that, by Lemma 1.4 and Proposition 1.1(2), G ′ is irreducible and dim G ′ = 3(g − r + 1) + g − 9 = 4g − 3r − 6. By the equality (4),
is a basepoint-free, birationally very ample and complete net, there is a natural rational map W ∨ κ G ′ with κ(|E|) = E which is clearly injective on an open subset W ∨o of W ∨ consisting of those which are base-point-free, birationally very ample and complete nets. Therefore the rational map κ is dominant by (5) . We also note that there is a natural rational map G ′ ι W ∨ with ι(E) = |E|, which is an inverse to κ (wherever it is defined). Therefore it follows that W ∨ is birationally equivalent to the irreducible locus G ′ , hence W ∨ is irreducible and so is G L . Since H Example 2.7. The restriction we imposed on the genus g ≥ 2r + 3 in Theorem 2.5 is rather optimal and cannot be eased in general as the following example indicates. Recall that the restriction was used in two places in the proof of Theorem 2.5; (a) when a general element of W ∨ is compounded and (b) when the moving part of a general element of W ∨ is very ample. For the sake of simplicity, let's take r = 5, g = 2r + 2 = 12 and d = g + r − 3 = 14.
is compounded, one of the following may occur:
(1) C is trigonal and E = 2g In the first three cases (1), (2), (3), one may easily argue that the residual series D = |K C − E| is not very ample. For example if C is trigonal, we take the residual series D of E = |2g In the case (2), we note that dim |E + φ * (p)| = dim |φ * (g In the case (4), we have a natural rational map W W ∨ X 2,3 , where X n,γ denotes the locus in M g corresponding to curves which are n-fold coverings of smooth curves of genus γ. By applying Accola-Griffiths-Harris theorem [10, page 73] to a general fiber of the above rational map together with Riemann's moduli count dim X n,γ ≤ 2g + (2n − 3)(1 − γ) − 2, one has dim W ≤ dim X 2,3 + 2d − g − 3r + 1 ≤ (2g − 4) + 2d − g − 3r + 1 = g + 2d − 3r − 3, contrary to dim W ≥ λ(d, g, r).
In the case (5) when C is 4-gonal with E = 2g 
